Abstract. In this note, we present a relationship between Lelong numbers and complex singularity exponents. As an application, we obtain a new proof of Siu's semicontinuity theorem for Lelong numbers.
Introduction
Let ϕ be a plurisubharmonic function near the origin o ∈ C n . The Lelong number is defined as follows In [19] , Siu established the semicontinuity theorem for Lelong numbers, i.e., the upper level set of Lelong numbers is analytic. After that, Kiselman [15] generalized Siu's semicontinuity theorem for directed Lelong numbers. In [2] , Demailly introduced a generalized Lelong number and generalized the above result of Kiselman. And then, Demailly (see [5] ) gave a completely new and simple proof of Siu's theorem by using Ohsawa-Takegoshi L 2 extension theorem. In this note, we present a new proof of Siu's theorem by establishing a relationship between Lelong numbers and complex singularity exponents. Now let us recall the definition of the complex singularity exponent using the concept of multiplier ideal sheaf I(ϕ) (see [22] , see also [3, 5] ) (also called log canonical threshold in algebraic geometry see [18, 17] ): Definition 1.2. The complex singularity exponent at o is defined to be
Our main result is the following: Theorem 1.3. Let ϕ be a plurisubharmonic function on D ⊂⊂ C n with coordinates z = (z 1 , · · · , z n ) containing the origin. Then for any k ∈ N, there exist plurisubharmonic functions ϕ k near the origin of
for any z ∈ D, where o is the origin in C
The second inequality in (3) can be directly deduced by Skoda's result in [21] combined with (2) .
which implies
Note that lim k→+∞
By Berndtsson's solution of openness conjecture [1] posed by Demailly and Kollar [6] (for a proof in two dimensional case see [9, 8, 7] 
is analytic for any k ∈ N and c > 0, which deduces the following Siu's semicontinuity theorem for Lelong numbers [19] (For Demailly's new proof, the reader is refereed to [5] and [4] )
We would like to thank the referee for pointing out that Berndtsson's solution of openness conjecture used above to deduce Corollary 1.5 might be replaced by the Hömander-Bombieri theorem as in Kiselman's proof of Siu's theorem.
Preparation

2.1.
Restriction formula about complex singularity exponent and Lelong number. Let ϕ be a plurisubharmonic function on a neighborhood of the origin o ∈ C n . In [6] , the following restriction formula ("important monotonicity result") about complex singularity exponents is obtained by using Ohsawa-Takegoshi L 2 extension theorem.
holds, where ϕ| H ≡ −∞, and o ′ emphasizes that c o ′ (u| H ) is computed on the submanifold H.
We recall the following restriction property of Lelong numbers.
holds, where ϕ| H ≡ −∞, and o ′ emphasizes that ν(ϕ| H , o ′ ) is computed on the submanifold H.
2.2.
Lelong number and complex singularity exponent for U (n) invariant plurisubharmonic functions on C n . We recall the following characterization of U (n) invariant plurisubharmonic function (see Lemma III.7.10) in [5] ). Lemma 2.3. (see [5] ) Let ϕ be a plurisubharmonic function on B n which is U (n) invariant. Then ϕ = χ(log |z|), where χ is a convex increasing function.
The folllowing remark is a direct consequence of Lemma 2.3 Remark 2.4. (see [5] ) Let ϕ be a plurisubharmonic function on B n which is
i.e. for any ε > 0, there exists δ > 0 such that for any |z| < δ,
which deduces the present remark by directly calculating.
A holomorphic map and Lelong number. Define a holomorphic map
Lemma 2.5. The construction of p * m (ϕ) implies that for any z 0 ∈ D the following statements hold:
Proof. By definition of p m , it follows that (1) and the second equality of (2) hold. By (1), it follows that ν(p * m (ϕ), (z 0 , o)) ≤ ν(ϕ, z 0 ) by Lemma 2.2. It suffices to consider the case z 0 = (0, · · · , 0) ∈ D. It is clear that p * m log |z| = log |z − w| ≤ log(|z| + |w|). Then, for any c > 0 satisfying ϕ ≤ c log |z|
The lemma is proved. 
proof of Theorem 1.3
Let m ∼ 2 j n (j = 0, 1, · · · , k − 1) as in Lemma 2.5, where ∼ means that the former is replaced by the latter. We consider the plurisubharmonic function p *
By Lemma 2.6 (the first and third equalities) and (2) (the third and fourth equalities), it follows that 
From Proposition 2.1, equality 3.2 and equality 3.1, it follows that
Thus we finish proving the present theorem.
